Some consequences of a duality between the Hadamard-Weierstrass factorisation of an entire function and van Dantzig-Wald couples of random variables are explored. We demonstrate the methodology on particular functions including the Gamma, Riemann ζ and ξ-functions, L-functions, and Hyperbolic functions.
Introduction
The two analytic functions [f, g] form a van Dantzig pair if f (s) and g(s) = 1/f (is) are both Fourier transforms. By construction g(s)f (is) = 1. A related construction is a Wald couple of (infinitely divisible) random variables (X, H) where H ≥ 0 is such that E(e sX )E(e −s 2 H ) = 1.
Our focus will be on a specific case when H is a Generalized Gamma Convolution (GGC) (Bondesson, 1992) and, in particular, falls into the sub-class generated by Thorin measures (Thorin, 1977 ). An entire function has a Hadamard-Weierstrass factorization. This represents the function in terms of its zeros. The Laguerrre-Pólya (LP) class consists of real entire functions or order at most two with only real zeros, given by ρ n , such that See Schoenberg (1948) , Schoenberg and Whitney (1953) and Curry and Schoenberg (1966) .
Generalised Gamma Convolutions (GGC)
. Bondesson (1992) defines the GGC class of probability distributions on [0, ∞) whose Laplace transform (LT) takes the form, E e −sH = exp −as + (0,∞) log z z + s U (dz) for s > 0 with (left-extremity) a ≥ 0 and U (dz) a non-negative measure on (0, ∞) (with finite mass on any compact set of (0, ∞)) such that (0,1) | log t|U (dz) < ∞ and (0,∞) z −1 U (dz) < ∞. The sigma-finite measure U on (0, ∞) is chosen so that the exponent φ(s) = (0,∞)
and U is often referred to as the Thorin measure, which can have infinite mass. The corresponding Lévy measure is t −1 (0,∞) e −tz U (dz). A symmetric extended GGC probability distribution (symEGGC) on (−∞, ∞) has mgf defined at least for Re s = 0 of the form E e sĤ = exp 1 2
where U (dz) is a non-negative Thorin measure on ℜ\{0} and c is nonnegative.
The class of mean-zero symEGGC random variables is equivalent a Gaussian scale mixture (GSM),Ĥ = √ 2HZ with Z ∼ N (0, 1) where the mixing measure, H ∼ GGC. The FT of an EGGC random variable can be replaced with an equivalent GGC condition,
See Roynette, Vallois and Yor (2009) for classes of GGC distributions.
As noted by Kent (1982) and Bondesson (1981) the class of ID distributions with completely monotone Lévy densities coincides with the class of generalized convolutions of mixtures of exponentials, which we denote by ρ>0 Exp(ρ).
Hyperbolically Completely Monotone (HCM). A non-negative function
is completely monotone on (2, ∞) as a function of v + v −1 . See Bondesson (1992) for further discussion. Jedidi and Simon (2013) and Bosch (2014) provide examples.
Thorin Measure. The Thorin class of GGC distributions is characterised by the property that its Laplace transform (LT) can be expressed in terms of a Bernstein function and Lévy measure, ν(dt), with ∞ 0 min(1, t)ν(dt) < ∞ and
Then, write g(t) = ∞ 0 e −ty U (dy) where U (dy) is the Thorin measure. Bernstein Function. The mapping s → exp(−ψ(s)) is completely monotone iff ψ(s) is a Bernstein function where ν(du) is a Lévy measure if , a) , then Y is mean-zero ferromagnetic (Kac, 1974 , Williams, 1990 ) with
van Dantzig-Wald Couples to Hadamard Products

Hadanard Products of Entire Functions
Let f α (s) := f (α + is)/f (α) be an entire function of order one. Suppose that its zeros are given by ρ and the Hadamard product for f α (s) takes the form
Inverting yields
An important special case occurs when f is even with zeros ±ρ. Then s → is, gives
where
is a Thorin measure and δ is a Dirac measure. An important consequence is that the zeros of f can be determined from the Exp(ρ 2 ) components in the convolution structure of H.
Finding the Hadamard Product
The following lemma relates a Wald-couple (X, H) to a representation of an entire function and its reciprocal. In turn, this can be used to find its Hadamard product from the properties of the Thorin measure of H Lemma 1. Let (X, H) be a Wald couple. Suppose that the function of interest, f , can be expressed as the LT
Then, the reciprocal-f function is the Laplace transform (LT) of H, namely
This follows directly from the Wald-couple condition, E(e sX )E(e −s 2 H ) = 1.
Finding the Thorin Measure
The following lemma (Polson, 2017) identifies the Thorin measure from a Hadamard product representation and vice-versa Lemma 2. (Polson, 2017) . Suppose that the function f (taking
for some arbitrary µ(dx). This can then be re-expressed as
where ν α (t) is the completely monotone function
This follows from the identities, valid for s > 0 and x > 0,
In particular,
We now explicitly calculate the Thorin measure and Hadamard factorizations for particular special functions.
Applications
Γ-functions
Example: Gamma. The log-gamma distribution, X α,λ = −λ log γ a , has the following representation
where ν a,λ (t) = e −at/λ /(e −t/λ − 1) is completely monotone (CM), see Pitman and Yor (2003) and Grigelionis (2008) . The Mellin-Weierstrass factorisation for the Γ-function is
This distribution is a convolution of double exponentials with density (Kendall, 1961) finds the convolution
Barndorff-Nielsen, Sorenson and Kent (1982) provide direct calculation of the GGC distribution, H, in the Wald couple representation for a number of hyperbolic functions.
Example: 1/Gamma. The reciprocal gamma function is a scale mixture of normals (Hartman (1976, section 6) which follows from the CM representation
where γ is Euler's constant. and P γ (dt) is a finite measure. This can be used with the Gamma-distribution results to find a Wald couple (X, H) for e −γs Γ(1 + s), see Roynette and Yor (2005) .
Example: Gumbel. The Gumbel distribution, X = log E, with cdf exp (−e −x ) has LT
As g(t) = 1/(e t − 1) is CM, we have X ∼ EGGC. Hinds (1974) shows that if X 1 has density 2/ √ π exp(x − e 2x ) and
respectively. Neither of which falls into the van Dantzig class. However, X = X 1 + X 2 has c.f. f 1 (s)f 2 (s) = 1/ cosh( , 1, respectively), where X ν has density
The characteristic function is given by a Bessel function of the first kind with a Hadamard product of the form
where j ν,n denotes the Bessel zeros, see also Jurek (2010) . |x| then
. 
Hyperbolic functions
Example: cosh and sinh. The Hadamard products for hyperbolic functions are
The latter is known as Euler's product formula. Following Section 2.1, this Hadamard product can be represented as a LT of a GGC density with a Thorin measure. Biane, Pitman and Yor (2001) and Devroye (2009) define the following random variables
.
Hyperbolic powers follow from
For sinh(s)/s, let E n be a sequence of i.i.d exponentials and define
Here we can write log (as/ sinh(as)) = .
Its Mellin transform, E (W s a ) = 2(2a 2 /π) s ξ(s), relates to the zeta function (Williams, 1990) . The density of W a can be determined by via Laplace inversion (Ciesielski and Taylor, 1962) as
Jurek (2003) and Jurek and Yor (2010) Example: Ostrovskii A general class of hyperbolic functions, denoted by f δ (cosh t), which lies in the van Dantzig class is given by
Appendix A shows that f δ (cosh t) lies in the van Dantzig class.
Bessel and MacDonald functions. Example: Bessel functions (Pólya, 1926) Define the Bessel and Macdonald functions
(e u +e −u ) du and K x (2x) = G(z, x), see Biane (2009) , For the Macdonald function, let T a denote the inverse Gaussian, T a , with density
The Mellin transform is given by
2 )+it (µ) has zeros only on the line σ = 1 2 by using the identity
) + it, a 2 .
Riemann ζ-function
Riemann (1859) defines the zeta function, ζ(s), as the analytic continuation of ∞ n=1 n −s on Re(s) > 1 and Euler's product formula, for α > 1, gives
and ζ(α) = p ζ p (α), yields
Hence Lemma 2 applies, see Polson (2017) .
Riemann ξ-function
The ξ-function is defined by
The ξ-function is an entire function of order one and hence admits a Hadamard factorisation, see Titchmarsh (2.12.5). Polson (2017 Polson ( , 2018 
Pólya (1926) constructs a random variable
, with symmetric density such that
The density has tails p(x) ∼ 4π 2 e 9 2
x−πe 2x as x → ∞, and is given by
x−n 2 πe −2x .
Polson (2017, 2018) constructs a random variable
) forms a van Dantzig pair.
Ostrovsky (2016) provides a link with Barnes Beta distributions. Grosswald (1974) calculates Mellin transforms for related Reisz-type functions. Barndorff-Nielsen et al (1982) find a series representation of the density of a convolution mixture of exponentials and in this case this is related to Maslanka's Pochammer representation of the reciprocal ξ-function.
L-functions
Consider a Dirichlet L-series, defined for Re(s) > σ, given by
Here χ is a Dirichlet character that is completely multiplicative. A Dirichlet L-series then admits an Euler product
Define the regularized L-function by
where τ (χ) is the Gauss sum, with τ (χ) = k n=1 χ(n)e 2πin/k and ǫ = 0 if χ(−1) = 1 and ǫ = 1 if χ(−1) = −1. This construction leads to a functional equation, and a symmetry property, similar to the ξ-function, given by Λ(s, χ) = (−1) ǫ τ (χ)Λ(1 − s,χ). Kuznetsov (2017) provides Lévy calculations for Dirichlet L-series. First, write
Any Bernstein function κ + δs + ∞ 0 (1 − e −sx )µ(dx) has an associated subordinator, X t . This generates powers of L-series.
Specifically, let (N t ) t≥0 be a Poisson process with rate λ and E(N t ) = λt. Define the subordinator
Given X t , let Z t = t/c − X t with first passage time Y x := inf {t > 0 :
Then Y x is a subordinator such that for w, x > 0, E(exp(−wY x )) = exp(−xφ Y (w)) where z/c − φ X (z) = w ⇐⇒ z = φ Y (w) for w > 0. Kendall's identity then provides number theoretic results.. Dirichlet L-series Hadamard products follow from Section 3.4 and Lemma 2.
Dedekind η-function
The Dedekind η-function is given by
Euler's identity yields
Glasser ( Letting s = 3πy, gives the LT of η as
Jacobi's triple product identity yields
This yields LT of η 3 as
The Dirichlet beta function, β(s) = n≥0 (−1) n /(2n + 1) s arises as the Mellin trans-form of sech ( 1 2 πx).
Ramanujan τ -function
de Bruin (1950) and Walker (1988) consider zeros of trigonometric functions. Let τ (n) be defined via its generating function
Ramanujan defined his τ -function, L τ (s), by the series, where
This satisfies
where the series and the product are absolutely convergent for Res > 13 2
. Section 3.4 and Lemma 2 also applies. L τ (s) can be continued to the whole plane by constructing ξ τ (s) and Ξ τ (s) as
The generating function satisfies a functional identity x 6 g(e −2πx ) = g(e −2πx )g(e −2π/x ) 1 2 . Then we can write
as a Fourier transform, using the functional identity implies Φ τ (t) = Φ τ (−t),
Alternatively, we can write F τ (t) = e 6t e −2πe t ∞ n=1 (1−e −2πe t ) 24 and Ξ τ (t) = ∞ −∞ e ist F τ (t)dt. The Weierstrass product form can be calculated using
See Conrey and Ghosh (1994) for further discussion.
6 Appendix A
Ostrovskii class
Define the class of functions, with π 2 < C < B, δ > 0 and
Ostrokskii (1970) shows that the following functions are characteristic functions, when δ is chosen to be small enough
Hence f δ (cosh t) falls into the van Dantzig property.
To show the φ δ (t) is a c.f. it is enough to show that
is summable and non-negative on 0 ≤ x < ∞. The following formulas prove useful: as C > π/2, when δ is small enough, the r.h.s. is non-negative ∀x ≥ 0. As f δ (1) > 1, when σ is small enough, h δ (x) is non-negative. Therefore, φ δ (t) is a c.f. Ostrovskii (1970) also shows that f δ (1)/f δ (cos s) is also a characteristic function.
Dedekind Eta
First, we show the following identity 
